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We use a generalized Gross-Pitaevskii equation for the condensate and a semi-classical kinetic
equation for the noncondensate atoms to discuss the scissors mode in a trapped Bose-condensed gas
at finite temperatures. Both equations include the effect of C12 collisions between the condensate
and noncondensate atoms. We solve the coupled moment equations describing oscillations of the
quadrupole moments of the condensate and noncondensate components to find the collective mode
frequencies and collisional damping rates as a function of temperature. Our calculations extend
those of Gue´ry-Odelin and Stringari at T = 0 and in the normal phase. They complement the
numerical results of Jackson and Zaremba, although Landau damping is left out of our approach.
Our results are also used to calculate the quadrupole response function, which is related to the
moment of inertia. It is shown explicitly that the moment of inertia of a trapped Bose gas at finite
temperatures involves a sum of an irrotational component from the condensate and a rotational
component from the thermal cloud atoms.
PACS numbers: 03.75.Fi, 05.30Jp, 67.40.Db
I. INTRODUCTION
Superfluidity resulting from a Bose-Einstein condensate (BEC) in atomic gases is characterized by the irrotational
nature of the condensate flow. The recent experimental observation of the scissors mode in a trapped Bose-condensed
gas [1] clearly demonstrated the irrotational nature of a trapped superfluid Bose gas. The scissors mode is the
oscillation of the atomic cloud with respect to a symmetry axis of an anisotropic trap potential [2], induced by a
sudden rotation of the trap about this axis. Above the Bose-Einstein transition temperature (TBEC), the thermal
cloud exhibits two normal mode frequencies corresponding to the rotational and irrotational motion. In contrast, the
pure condensate motion at T = 0 only exhibits one frequency, since only irrotational motion is allowed. The above
distinction between the condensate (superfluid) oscillation at T ∼ 0 and the thermal gas (normal fluid) oscillation
above TBEC was clearly observed in the experiment reported in Ref. [1]. The observed frequencies of oscillations are
in good agreement with the theoretical predictions in Ref. [2] at T = 0 and T > TBEC.
At finite temperatures in the Bose-condensed phase, where an appreciable fraction of the atoms are excited out of
the condensate, one expects coupled motions of the superfluid and normal fluid components. Recent experiments at
Oxford [3] observed such a coupled scissors mode oscillations at finite temperatures, and determined the temperature
dependence of the frequency and damping rate of the oscillations of each component. In this paper, we discuss the
scissors mode in a trapped Bose-condensed gas at finite temperatures using the kinetic theory derived by Zaremba,
Nikuni and Griffin (ZNG) [4]. In the ZNG kinetic theory, one has a generalized Gross-Pitaevskii equation for the
condensate atoms and a semi-classical kinetic equation for the noncondensate atoms. The condensate and nonconden-
sate are coupled through mean-field interactions as well as collisions between the atoms (the so-called C12 collisions).
In this paper, we restrict ourselves to the collisionless regime, where the mean collision rate is much smaller than
collective mode frequencies. Generalizing the moment calculation approach used by Gue´ry-Odelin and Stringari [2],
we derive coupled equations describing oscillations of the quadrupole moments of the condensate and noncondensate
components at finite temperatures.
Recently, Jackson and Zaremba [5] have solved the same coupled ZNG equations numerically using FFT/Monte-
Carlo simulations to discuss the temperature-dependent oscillations associated with the scissors mode. These authors
found excellent agreement with the Oxford data [3]. Our work is more analytical and complements the numerical
results in Ref. [5].
II. GENERAL MOMENT METHOD FORMALISM
We consider a Bose-condensed gas confined in an anisotropic harmonic trap potential described by
1
Uext(r) =
m
2
(ω2xx
2 + ω2yy
2 + ω2zx
2), (1)
with ω2x = (1+ǫ)ω
2
0 and ω
2
y = (1−ǫ)ω20. The parameter ǫ characterizes the deformation of the trap potential in the x-y
plane. The coupled dynamics of the condensate and noncondensate [4] is described by the generalized Gross-Pitaevskii
(GP) equation for the condensate wavefunction Φ(r, t)
ih¯
∂Φ(r, t)
∂t
=
[
− h¯
2∇2
2m
+ Uext(r) + gnc(r, t) + 2gn˜(r, t)− iR(r, t)
]
Φ(r, t), (2)
and the semi-classical kinetic equation for the noncondensate distribution function f(r,p, t)
∂f(r,p, t)
∂t
+
p
m
·∇rf(r,p, t)−∇U(r, t) ·∇pf(r,p, t) = C12[f,Φ] + C22[f ]. (3)
Here nc(r, t) = |Φ(r, t)|2 is the condensate density, and n˜(r, t) is the noncondensate density,
n˜(r, t) =
∫
dp
(2πh¯)3
f(r,p, t), (4)
and U(r, t) = Uext(r) + 2g[nc(r, t) + n˜(r, t)] is the time-dependent effective potential acting on the noncondensate,
including the Hartree-Fock (HF) mean field. As usual, we treat the interaction in the s-wave scattering approximation
g = 4πh¯2a/m. The dissipative term R(r, t) in the generalized GP equation (2) is due to the collisional exchange of
atoms in the condensate and noncondensate, which is related to the C12 collision integral in (3),
R(r, t) =
h¯Γ12(r, t)
2nc(r, t)
, Γ12(r, t) =
∫
dp
(2πh¯)3
C12[f(r,p, t),Φ(r, t)]. (5)
The explicit expressions for the two collision integrals in the kinetic equation (3) are given by [4]
C22[f ] =
2g2
(2π)5h¯7
∫
dp2
∫
dp3
∫
dp3
∫
dp4
×δ(p+ p2 − p3 − p4)δ(ε˜p1 + ε˜p2 − ε˜p3 − ε˜p4)
×[(1 + f)(1 + f2)f3f4 − ff2(1 + f3)(1 + f4)], (6)
C12[f,Φ] =
2g2nc
(2π)2h¯4
∫
dp1
∫
dp2
∫
dp3
×δ(mvc + p1 − p2 − p3)δ(εc + ε˜p1 − ε˜p2 − ε˜p3)
×[δ(p1 − p)− δ(p2 − p)− δ(p3 − p)]
×[(1 + f1)f2f3 − f1(1 + f2)(1 + f3)]. (7)
Here ε˜p(r, t) and εc(r, t) represent the local energy of the noncondensate and condensate atoms
ε˜p(r, t) =
p2
2m
+ U(r, t), εc(r, t) =
mvc(r, t)
2
2
+ µc(r, t), (8)
where the condensate chemical potential µc(r, t) is defined in (10).
It is convenient to rewrite the GP equation in (2) in terms of the amplitude and phase variables Φ =
√
nce
iθ. This
leads to the quantum hydrodynamic equations for the condensate:
∂nc
∂t
+∇ · (ncvc) = −Γ12, (9a)
m
∂vc
∂t
= −∇
(
µc +
mv2c
2
)
, (9b)
where the condensate velocity is vc(r, t) ≡ h¯∇θ(r, t)/m and the condensate chemical potential µc(r, t) is defined by
µc(r, t) ≡ − h¯
2
2m
∇2
√
nc(r, t)√
nc(r, t)
+ Uext(r) + gnc(r, t) + 2gn˜(r, t). (10)
2
Throughout this paper, we use the Thomas-Fermi (TF) approximation, which neglects the quantum pressure term in
the condensate chemical potential to give:
µc(r, t) = Uext(r) + gnc(r, t) + 2n˜(r, t). (11)
Within this TF approximation, the equilibrium condensate density profile is given by
nc0(r) =
1
g
[µc0 − Uext(r)]− 2n˜0(r). (12)
The equilibrium distribution f0(r,p) describing the noncondensate atoms is given by the Bose-Einstein distribution
function
f0(r,p) =
1
e
β
[
p2
2m
+U0(r)−µc0
]
− 1
, (13)
where β = 1/kBT and U0(r) = Uext(r) + 2g[n˜0(r) + nc0(r)]. The equilibrium density of the noncondensate described
by (13) is
n˜0(r) =
1
Λ3
g3/2(z0(r)), (14)
where Λ = (2πh¯2/mkBT )
1/2 is the thermal de Broglie wavelength, g3/2(z0) is the Bose-Einstein function, and z0 =
eβ[µc0−U0(r)] is the local fugacity. We note that the equilibrium TF densities of the condensate and noncondensate
determined from (12) - (14) are isotropic in the renormalized coordinates (x′, y′, z′) ≡ ((ωx/ω¯)x, (ωy/ω¯)y, (ωz/ω¯)z),
where ω¯ ≡ (ωxωyωz)1/3. Thus nc0(r) and n˜0(r) can be expressed as functions of r′ = (x′2 + y′2 + z′2)1/2. Of course,
the expression for nc0(r) in (12) is only valid within the TF condensate radius r
′ < R′TF, where
R′TF =
2
mω¯2
[
µc0 − 2g 1
Λ3
g3/2(1)
]
. (15)
Outside the TF condensate radius r′ > R′TF, one has nc0 = 0.
The scissors mode can be excited by a sudden rotation of the anisotropic trap potential (1) in the x-y plane by a
small angle −θ0. This perturbation induces fluctuations in the quadrupole moment
Q(t) ≡
∫
dr xy n(r, t), (16)
where n(r, t) = nc(r, t) + n˜(r, t). Following Ref. [2], one can derive coupled moment equations involving the relevant
quadrupole variables for the condensate and noncondensate, starting from (9) and (3). In the linearized theory, these
exact moment equations are given by (after some work)
d
dt
〈xy〉c = 〈xvy + yvx〉c − 〈xy〉12, (17a)
d
dt
〈xvy + yvx〉c = −2ω20〈xy〉c −
2g
m
〈∇n˜0 ·∇(xy)〉c + 2g
m
〈∇nc0 ·∇(xy)〉n, (17b)
d
dt
〈xy〉n = 〈xvy + yvx〉n + 〈xy〉12, (17c)
d
dt
〈xvy + yvx〉n = −2ω20〈xy〉n −
2g
m
〈∇nc0 ·∇(xy)〉n + 2g
m
〈∇n˜0 ·∇(xy)〉c + 2
m
〈P¯xy〉n, (17d)
d
dt
〈xvy − yvx〉n = −2ǫω20〈xy〉n − ǫ
2g
m
〈∇nc0 ·∇(xy)〉n + ǫ2g
m
〈∇n˜0 ·∇(xy)〉c, (17e)
d
dt
〈P¯xy〉n = −mω20〈xvy + yvx〉n −mǫω20〈xvy − yvx〉n
−2g
m
〈
vx
∂n0
∂y
+ vy
∂n0
∂x
〉
n
+
〈pxpy
m
〉
coll
. (17f)
The various condensate and noncondensate moments related to some function χ(r) are defined by
3
〈χ〉c ≡ 1
N
∫
drnc(r, t)χ(r), 〈χ〉n ≡ 1
N
∫
drn˜(r, t)χ(r). (18)
〈χv〉c ≡ 1
N
∫
drnc(r, t)χ(r)vc(r, t), 〈χv〉n ≡ 1
N
∫
drn˜(r, t)χ(r)vn(r, t). (19)
Here the local velocity vn and the local density of the kinetic pressure tensor P¯xy of the thermal cloud are defined in
terms of the single-particle distribution function by
n˜(r, t)vn ≡
∫
dp
(2πh¯)3
p
m
f(r,p, t), (20)
n˜(r, t)P¯xy(r, t) ≡
∫
dp
(2πh¯)3
1
m
(px −mvnx)(py −mvny)f(r,p, t). (21)
In (17), one also has moments involving the collision integrals C12 and C22:
〈xy〉12 ≡ 1
N
∫
dr xyΓ12(r, t), (22)
〈pxpy
m
〉
coll
≡ 1
N
∫
dr
∫
dp
(2πh¯)3
pxpy
m
{C12[f(r,p, t),Φ(r, t)] + C22[f(r,p, t)]} . (23)
The condensate moments and noncondensate moments are coupled through the HF mean-field as well as the collisional
exchange term 〈xy〉12. If we neglect the coupling between the two components by setting g = 0 and 〈xy〉12 = 0 in
(17a) - (17f), we recover the uncoupled moment equations derived in Ref. [2], namely the T = 0 condensate equations
in (17a) and (17b), and the T > TBEC thermal cloud gas equations in (17c) - (17f).
III. TRUNCATED SET OF MOMENT EQUATIONS
The moment equations in (17) are exact consequences of the coupled ZNG equations (2) and (3), but are obviously
not closed because of the HF mean-field terms and the collision terms. To obtain a closed set of equations, we must
introduce an ansatz for the condensate and noncondensate oscillations. For the condensate, we assume that the
velocity field has the same irrotational form as the T = 0 result, namely
vc(r, t) = αc(t)∇(xy), (24)
where the small parameter αc(t) characterizes the amplitude of the condensate oscillation. For the noncondensate
atoms, it is convenient to write the distribution function as
f(r,p, t) = f0(r,p) + f0(r,p)[1 + f0(r,p)]ψ(r,p, t), (25)
where ψ represents the small fluctuation of the noncondensate around static equilibrium. We make the ansatz that ψ
can be written in the form
ψ =
δn˜(r, t)
γ˜0(r)
− βvn(r, t) · p+ αxy(t)β pxpy
m
, (26)
with γ˜0 ≡ (βg/Λ3)g1/2(z0) and β = 1/kBT . The first term in (26) is associated with the density fluctuations, while
the second term is associated with the velocity fluctuations. We also assume that the noncondensate velocity field
has the form
vn = αxyxˆ+ αyxyˆ. (27)
The third term in (26) represents the quadrupole deformation in the momentum distribution, characterized by a
small parameter αxy(t). The form of (26), with (27), is motivated by the exact solution [6] of the collisionless kinetic
equation above TBEC (Eq. (3) without C12, C22, and 2gn), These normal modes have frequencies ω± = |ωx ± ωy|.
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Taking the time derivative of (17b), (17d) and (17e), and using (24) and (27), we obtain the following set of
equations:
d2
dt2
〈xvy + yvx〉c = −ω20(2−∆1)〈xvy + yvx〉c − ω20∆2〈xvy + yvx〉n
+
g
m
〈∇nc0 ·∇(xy)〉12, (28a)
d2
dt2
〈xvy + yvx〉n = −ω20(4 + 2∆3 −∆2)〈xvy + yvx〉n − ω20∆1〈xvy + yvx〉c
−2ǫω20(1 + ∆3)〈xvy − yvx〉n −
g
m
〈∇nc0 ·∇(xy)〉12
+
2
m
〈pxpy
m
〉
coll
, (28b)
d2
dt2
〈xvy − yvx〉n = ǫω20(2−∆2)〈xvy + yvx〉n + ǫω20∆1〈xvy + yvx〉c
−ǫ g
m
〈∇nc0 ·∇(xy)〉12. (28c)
The effect of the HF mean field is parameterized in (28a)-(28c) by the following three quantities:
∆1 ≡
{
2g
ω20
∫
dr[∇n˜0 ·∇(xy)][∇nc0 ·∇(xy)]
}
/Θc,rigid, (29a)
∆2 ≡
{
2g
ω20
∫
dr[∇n˜0 ·∇(xy)][∇nc0 ·∇(xy)]
}
/Θn,rigid, (29b)
∆3 ≡
[
1
1− ǫ2
2g
ω20
∫
drn˜0(r ·∇n0)
]
/Θn,rigid
=
[
2
(1− ǫ2)ω˜20
∫
drP˜0(r)
]
/Θn,rigid − 1. (29c)
Here P˜0 ≡ (kBT/Λ3)g5/2(z0(r)) is the equilibrium kinetic pressure, while Θc,rigid and Θn,rigid are the rigid values for
the moment of inertia of the condensate and noncondensate components (see, for example, Refs. [7] and [8]):
Θc,rigid ≡ m
∫
dr(x2 + y2)nc0,
Θn,rigid ≡ m
∫
dr(x2 + y2)n˜0. (30)
For later use, we also note that (17f) can also be written as
d
dt
〈P¯xy〉n = −mω20(1 + ∆3) [〈xvy + yvx〉n + ǫ〈xvy − yvx〉n] +
〈pxpy
m
〉
coll
. (31)
If we neglect the collisions, (28a)-(28c) provide a closed set of equations for the three moments 〈xvy + yvx〉c, 〈xvy +
yvx〉n, and 〈xvy−yvx〉n, which can be used to study the undamped scissors-mode oscillations involving the condensate
and noncondensate components at finite temperatures.
To truncate the collision terms 〈xy〉12 and 〈pxpy/m〉coll in (28), we use (25) in the collision integrals and linearize
in ψ as follows [see also Ref. [9]]:
C22[f ] ≃ 2g
2
(2π)5h¯7
∫
dp2
∫
dp3
∫
dp4
×δ(p+ p2 − p3 − p4)δ(ε˜p + ε˜p2 − ε˜p3 + ε˜p4)
×f0f20(1 + f30)(1 + f40)(ψ3 + ψ4 − ψ2 − ψ) ≡ Lˆ22[ψ], (32)
and
C12[f,Φ] ≃ 2g
2nc
(2π)2h¯4
∫
dp1
∫
dp2
∫
dp3
×δ(mvc + p1 − p2 − p3)δ(µc0 + ε˜p1 − ε˜p2 − ε˜p3)
×[δ(p− p1)− δ(p− p2)− δ(p− p3)]
5
×(1 + f10)f20f30(βgδnc + ψ2 + ψ3 − ψ1)
≡ βgδncLˆ12[1] + Lˆ12[ψ]. (33)
Here the linearized Lˆ12 operator in (33) is defined by
Lˆ12[ψ] ≡ 2g
2nc
(2π)2h¯4
∫
dp1
∫
dp2
∫
dp3
×δ(mvc + p1 − p2 − p3)δ(µc0 + ε˜p1 − ε˜p2 − ε˜p3)
×[δ(p− p1)− δ(p− p2)− δ(p− p3)]
×(1 + f10)f20f30(ψ2 + ψ3 − ψ1). (34)
Using the ansatz for ψ given by (26), one finds that the source function Γ12(r, t) in (5) reduces to
Γ12(r, t) = −βgnc0(r)
τ12(r)
[
δnc(r, t) +
δn˜(r, t)
γ˜0(r)
]
, (35)
where collision time τ12 is defined by
nc0(r)
τ12(r)
≡ −
∫
dp
(2πh¯)3
Lˆ12[1]. (36)
Using (35) and working to first order in 1/τ12 (since we are working in the collisionless regime), one obtains the
following equation of motion:
d
dt
〈∇nc0 ·∇(xy)〉12 = mω
2
0
g
[
1
τ1
〈xvy + yvx〉c − 1
τ2
〈xvy + yvx〉n
]
. (37)
Here τ1 and τ2 are the averaged relaxation times associated with the C12 collisional exchange of atoms:
1
τ1
=
{
g
ω20
∫
dr
βgnc0(r)
τ12(r)
[∇nc0 ·∇(xy)]2
}
/Θc,rigid, (38a)
1
τ2
=
{
g
ω20
∫
dr
βgnc0(r)
τ12(r)
[∇nc0 ·∇(xy)]2
}
/Θn,rigid. (38b)
One can also show that, using the ansatz for f(r,p, t) in (25) with (26), one can write 〈pxpy/m〉coll defined by (23)
in the form of a relaxation time approximation
〈pxpy
m
〉
coll
= −〈P¯xy〉
τ3
, (39)
with the associated relaxation time τ3 defined by
1
τ3
≡
∫
dr
P˜0(r)
τη(r)∫
drP˜0(r)
, (40)
where τη(r) is the viscous relaxation time (see also Refs. [9,10]) defined by
1
τη(r)
=
∫
dp
(2πh¯)3
pxpy
{
Lˆ12[pxpy] + Lˆ22[pxpy]
}
∫
dp
(2πh¯)3
(pxpy)
2f0(1 + f0)
. (41)
Using (39) in (31), we find the following equation of motion 〈pxpy/m〉coll
d
dt
〈pxpy
m
〉
coll
=
1
τ3
mω20(1 + ∆3)[〈xvy + yvx〉n + ǫ〈xvy − yvx〉n]−
1
τ3
〈pxpy
m
〉
coll
. (42)
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In summary, we have obtained a closed set of the three moment equations, as given by (28), (37) and (42).
They involve three parameters ∆i characterizing the HF mean-field coupling and three collisional relaxation times
τi. One problem in actual calculations of these quantities is that the integrands in the formulas for ∆1, ∆2, τ1
and τ2 have singularities at the TF condensate boundary (when r
′ = R′TF) arising from the divergence in ∇n˜0 (we
recall g1/2(1) → ∞). These singular contributions are an unphysical artifact of the simple TF approximation. For
our present purposes, we can introduce a cutoff in the integrals where the TF approximation breaks down. More
explicitly, we follow Refs. [11,12] and introduce a cutoff at r′ = R′cutoff , where
R′cutoff = R
′
TF
[
1−
(
aHO
2RTF
)4/3]
, (43)
with aHO ≡ (h¯/mω¯)1/2.
It is convenient to introduce a 3-component vector describing the dynamical moment variables:
w =
( 〈xvy + yvx〉c
〈xvy + yvx〉n
〈xvy − yvx〉n
)
, (44)
The coupled moment equations we have derived then reduce to the following matrix equation
d2
dt2
w + ω20Kˆ0w − γ = 0. (45)
The 3× 3 matrix Kˆ0 is given by
Kˆ0 =
(
2−∆1 ∆2 0
∆1 4 + 2∆3 −∆2 2ǫ(1 + ∆3)
−ǫ∆1 −ǫ(2−∆2) 0
)
, (46)
and the column vector γ describes the terms related to collisions
γ =


g
m
〈∇nc0 ·∇(xy)〉12
− g
m
〈∇nc0 ·∇(xy)〉12 + 2
m
〈pxpy
m
〉
coll
−ǫ g
m
〈∇nc0 ·∇(xy)〉12

 . (47)
To first order in 1/τi, one has the following equation for γ:
d
dt
γ = ω30Kˆ
′w, (48)
where the elements of the 3× 3 matrix Kˆ ′ are given by
Kˆ ′ =


1
τ˜1
− 1
τ˜2
0
− 1
τ˜1
2
τ˜3
+
1
τ˜2
ǫ
2
τ˜3
−ǫ 1
τ˜1
ǫ
1
τ˜2
0

 . (49)
In (49), we have introduced the renormalized relaxation times
1
τ˜1
≡ 1
ω0τ1
,
1
τ˜2
≡ 1
ω0τ2
,
1
τ˜3
≡ 1 + ∆3
ω0τ3
. (50)
We can now look for normal mode solutions of (45) with the time dependence e−iωt. The matrix equation in (45)
then reduces to (
Kˆ0 − i 1
ω˜
Kˆ ′
)
w = ω˜2w, (51)
where ω˜ ≡ ω/ω0 is the renormalized mode frequency. We discuss the solutions of (51) in the next two sections.
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IV. DYNAMICS WITHOUT COLLISIONS
A. Undamped oscillations of the two components
In this section, we first discuss the collective oscillations of the condensate and noncondensate components neglecting
the collisional damping. This means we set γ = 0 in (45), or equivalently, K ′ = 0 in (51). In this approximation, our
eigenvalue equation reduces to
Kˆ0w = ω˜
2w. (52)
Neglecting the HF mean fields (∆i = 0), the solution of (52) is given by the zeros of the determinant∣∣∣∣∣
2− ω˜2 0 0
0 4− ω˜2 2ǫ
0 −2ǫ −ω˜2
∣∣∣∣∣ = (2− ω˜2)(ω˜4 − 4ω˜2 + 4ǫ2) = 0. (53)
In this simple limit, the mode frequencies are [2] ωc =
√
2ω0 and ω± =
√
2ω0(1 ±
√
1− ǫ2)1/2. The thermal gas
modes thus have a high frequency and a low frequency component. Keeping ∆i finite, we next solve the eigenvalue
problem (52) numerically, using the trap parameters of the recent Oxford experiment [3], namely, ωx = ωz = 126Hz,
ωy =
√
8ωx. The total number of atoms is taken to be N = 5× 104.
In Fig. 1, we plot the normal mode frequencies as a function of the temperature. We find three normal mode
frequencies, denoted by ωc, ω+ and ω−. In the low temperature limit, ωc approaches the well-known T = 0 condensate
mode frequency ωc =
√
2ω0 [2]. At finite temperatures, the frequency is shifted due to the HF mean field of the
noncondensate atoms. Expanding the solution of (52) to first order in the interaction parameters ∆i, one finds
ω2c ≃ ω20(2−∆1). (54)
This formula for ωc is a good approximation to the direct numerical solution of (52). This result can also be obtained
directly by neglecting the noncondensate fluctuations in (28a), i.e., 〈xvy + yvx〉n = 0. Thus the positive frequency
shift in the condensate mode (ωc) in Fig. 1 is mainly due to the mean field of the static thermal cloud, 2gn˜0. As
for the noncondensate (ω±) modes, the frequencies approach the pure thermal cloud frequencies found above TBEC
[2], ω± = |ωx ± ωy| =
√
2ω0(1 ±
√
1− ǫ2)1/2 as T approaches TBEC. At low temperatures, however, there are large
frequency shifts in these noncondensate modes because of the coupling to a large condensate.
The solutions of (52) also give the relative amplitude of the quadrupole oscillations of the condensate and noncon-
densate components. It is more convenient to use the rotation angles θc and θn of the condensate and nonconden-
sate clouds, assuming that the two components rotate without distortion. These rotation angles are related to the
quadrupole moments through
θc = 〈xy〉c/〈x2 − y2〉c0, θn = 〈xy〉n/〈x2 − y2〉n0. (55)
We note that using the TF density profiles for nc0(r) and n˜0(r) in (30), one obtains
Nm〈x2 − y2〉c0 = −ǫΘc,rigid, Nm〈x2 − y2〉n0 = −ǫΘn,rigid. (56)
In Fig.2(a)-(c), we plot the temperature dependence of rotation amplitudes in (55) of the condensate and nonconden-
sate oscillations associated with the ωc and ω± modes. We find that the ωc and ω− modes involve in-phase oscillations
of the two components, while the ω+ mode involves out-of-phase oscillations. At T > 0.5TBEC, the ωc mode mostly
involves the condensate oscillations. For decreasing T , the amplitude of the noncondensate component increases, and
at low temperatures, the thermal cloud is almost moving together with the condensate cloud. In contrast, the ω±
modes involve mainly noncondensate oscillations at all temperatures. All these results agree with those in Ref. [5].
We next consider the experimental situation [1,3] where the scissors modes are excited by the sudden rotation of
the trap potential by the angle −θ0 at t = 0. We assume that the atoms are initially in thermal equilibrium for t < 0.
The corresponding initial conditions for the angles θc(t) and θn(t) are found from the moment equations in (17),
θc(0) = θ0, θ
′′
c (0) = −2ω20θ0, θ′′′′c (0) = 4ω20θ0,
θ′c(0) = θ
′′′
c (0) = θ
′′′′′
c (0) = 0,
θn(0) = θ0, θ
′′
n(0) = −2ω20θ0, θ′′′′n (0) = 4ω20 [2 + ∆3 − (1 + ∆3)ǫ2]θ0,
θ′n(0) = θ
′′′
n (0) = θ
′′′′′
n (0) = 0. (57)
The solution for θc(t) and θn(t) for t > 0 with the initial conditions in (57) is given by
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θc(t)/θ0 = Ac cosωct+A+ cosω+t+A− cosω−t,
θn(t)/θ0 = Bn cosωnt+B+ cosω+t+B− cosω−t, (58)
where the amplitudes of each mode are given by the following explicit formulas:
Ai =
ω2jω
2
k − 2ω20(ω2j + ω2k) + 4ω40
(ω2i − ω2j )(ω2i − ω2k)
,
Bi =
ω2jω
2
k − 2ω20(ω2j + ω2k) + 4ω40 [(2 + ∆3)− (1 + ∆3)ǫ2]
(ω2i − ω2j )(ω2i − ω2k)
. (59)
In (59), i, j, k represent the three mode indices (c,+,−) and i 6= j 6= k. In Fig. 3, we plot the temperature dependence
of these amplitudes Ai and Bi. We find that the oscillations of the condensate always have a large weight in the
condensate mode (ωc). In contrast, the thermal cloud oscillations make a large contribution to the noncondensate
modes (ω±) at T > 0.5TBEC, but the condensate mode (ωc) is dominant at low temperatures. This behavior is in
agreement with the numerical results obtained by Jackson and Zaremba [5].
B. Quadrupole response function and the moment of inertia
Our results for the scissors mode can be used to derive an expression for the moment of inertia, a quantity which
characterizes the rotational properties of a trapped Bose gas. Zambelli and Stringari [7] derived the following exact
relation between the moment of inertia Θ and the quadrupole response function:
Θ = −4ǫ
2m
π
∫
dω
χ′′Q(ω)
ω3
, (60)
where χ′′Q(ω) is the imaginary part of the quadrupole response function of the system. One can also show that χ
′′
Q(ω)
is related to the Fourier transform of the quadrupole moment induced by the sudden rotation of the trap potential,
χ′′Q(ω) = −
π
λ
ωQ(ω), λ ≡ −2θ0ǫmω20. (61)
Using the solution for θc(t) and θn(t) in (58) with the relations in (55), we find that Q(ω) is given by
Q(ω) = − ǫ
2m
{
Θc,rigid
∑
i
Ai[δ(ω − ωi) + δ(ω + ωi)]
+Θn,rigid
∑
i
Bi[δ(ω − ωi) + δ(ω + ωi)]
}
. (62)
One can show that χ′′Q(ω) given by (61) with (62) satisfies the exact sum rule relation [7]∫
dωχ′′Q(ω)ω = −(π/m)Θrigid. (63)
Here Θrigid ≡ Θc,rigid +Θn,rigid is the rigid value of the moment of inertia of the total system (see (30)),
Θrigid = m
∫
dr(x2 + y2)n0(r), (64)
where n0(r) = nc0(r) + n˜0(r).
Using these results for χ′′Q(ω) in (60), one finds
Θ = 2ǫ2
(
Θc,rigid
∑
i
Ai
ω˜2i
+Θn,rigid
∑
i
Bi
ω˜2i
)
. (65)
From the explicit formulas for Ai and Bi given in (59), we find
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2ǫ2
∑
i
Ai
ω˜2i
= ǫ2 − (1− ǫ
2)∆1
(2 −∆1 −∆2) , 2ǫ
2
∑
i
Bi
ω˜2i
= 1 +
(1− ǫ2)∆2
(2−∆1 −∆2) . (66)
Noting that Θc,rigid∆1 = Θn,rigid∆2 which follows from the definitions of ∆1 and ∆2 in (29a) and (29b), we finally
obtain the following simple formula for moment of inertia:
Θ = ǫ2Θc,rigid +Θn,rigid. (67)
It is interesting to note that because of the interactions between the two components, the irrotational contribution
ǫ2Θc,rigid and the rotational contribution Θn,rigid in (67) cannot be associated separately with the condensate and
noncondensate quadrupole moments in (65). Thus obtaining the simple final expression given in (67) is nontrivial.
In Fig. 4, we plot the moment of inertia in (67) as a function of temperature, as well as the separate irrotational
contribution ǫ2Θc,rigid and the rotational contribution Θn,rigid. An expression analogous to (67) for the noninteracting
trapped Bose gas was obtained by Stringari (see especially Fig. 1 of Ref. [8]).
The above result for the moment of inertia in (67) can be understood by considering the anisotropic trap potential
in (1) rotating with the angular frequency Ω in the x− y plane. In this rotating frame, the stationary distribution of
the noncondensate is given by [13]
fΩ(r,p) =
1
exp{β[p2/2m+ U(r)− Ωp · (zˆ× r) − µ˜]} − 1 . (68)
To first order in Ω, the total angular momentum of the noncondensate component is given by [see also Ref. [14]]
Ln,z =
∫
dr
∫
dp
(2πh¯)3
(xpy − ypx)fΩ(r,p)
≃ Ω
∫
dr
∫
dp
(2πh¯)3
(xpy − ypx)2f0(1 + f0)
= Ω
∫
dr(x2 + y2)
∫
dp
(2πh¯)3
p2
3
f0(1 + f0)
= Ω
∫
dr m(x2 + y2)n˜0(r)
= ΩΘn,rigid. (69)
Thus the noncondensate part of the moment of inertia is given by the rigid value defined in (30), i.e., Θn ≡ Ln,z/Ω =
Θn,rigid.
For the condensate contribution, one has to find the stationary solution of the GP equation in the rotating frame
[7]. In the linear regime, the stationary velocity field is determined from
∇[nc0(vc −Ω× r)] = 0. (70)
For the equilibrium TF condensate density nc0 determined from (12), one can show that the stationary velocity field
is given by
vc = −ǫΩ∇(xy). (71)
The total angular momentum of the condensate component is then given by [see (56)]
Lc,z =
∫
dr m (r× vcnc0(r))
= −ǫΩ
∫
dr m(x2 − y2)nc0(r)
= ǫ2ΩΘc,rigid. (72)
Thus the condensate part of the moment of inertia is given by Θc ≡ Lc,z/Ω = ǫ2Θc,rigid. This has the same form
as the T = 0 expression for the irrotational value of the moment of inertia of the TF condensate given in Ref. [7].
Thus, the first term in (67) represents the irrotational value of the condensate component in the Thomas-Fermi limit,
while the second term is the rigid value of the noncondensate component. The expression in (67) is analogous to the
non-interacting gas expression (∆i = 0) first obtained by Stringari [8]. However, as we noted in the derivation of (67),
this equivalence is nontrivial when ∆i 6= 0 because of the cancellation of contributions in going from (65) to (67).
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V. DAMPING DUE TO COLLISIONS
We next consider the damping of the collective modes due to the collisions between atoms. Since we are working
in the collisionless regime ωτi ≫ 1, in (51), we can treat Kˆ ′ as a perturbation to Kˆ0. Working to first order in 1/τi,
one has the following equation for normal mode frequencies:
det
(
Kˆ0 − i
ω˜
Kˆ ′ − ω˜21ˆ
)
≃ det(Kˆ0 − ω˜21ˆ)− i 1
ω˜
fτ (ω˜) = 0, (73)
where 1ˆ is 3× 3 unit matrix and the function fτ (ω˜) related to damping is found to be given by
fτ (ω˜) ≡ 1
τ˜1
[
ω˜4 − (4 + 2∆3 −∆2)ω˜2 + 2ǫ2(2−∆2)(1 + ∆3)
]
+(ω˜2 − 2 + ∆1)
{
2
τ˜3
[ω˜2 − 2ǫ2(1−∆2/2)] + 1
τ˜2
[ω˜2 − 2ǫ2(1 + ∆3)]
}
−2ǫ2∆1∆2
τ˜3
− 2 [ω˜2 − 2ǫ2(1 + ∆3)] ∆2
τ˜1
. (74)
We note that the lowest order or first term in (73) can be written in terms of the undamped frequencies ω˜i determined
from (52), namely
det(Kˆ0 − ω˜21ˆ) = (ω˜2c − ω˜2)(ω˜2+ − ω˜2)(ω˜2− − ω˜2). (75)
We now look for the damping of these frequencies, i.e.,
ω˜ = ω˜i − iΓ˜i. (76)
To first order in 1/τi, we find the following expression for the damping rates:
Γ˜i =
fτ (ω˜i)
2ω˜2i (ω˜
2
i − ω˜2j )(ω˜2i − ω˜2k)
, (i 6= j 6= k). (77)
Expanding the solution (77) in ∆i, one can obtain approximate expressions for the damping rate Γi. The lowest-
order approximation (neglecting ∆1,∆2 and ∆3) gives after some algebra
Γc =
1
4τ1
, Γ± =
1
4τ3
+
1
8τ2
. (78)
We recall that within this approximation, ωc =
√
2ω0 and ω± =
√
2ω0(1±
√
1− ǫ2)1/2. One can show that damping
for the condensate mode given in (78) is precisely equivalent to that obtained by Williams and Griffin [15], where the
dynamics of the noncondensate was neglected. To see this, we recall the ansatz (24) for vc and rewrite Γc given in
(78) as [see the definition of 1/τ1 in (38a)]
Γc =
1
2ω2c
∫
dr
βnc0
τ12
[g∇ · (nc0vc)]2
m
∫
dr nc0v
2
c
. (79)
Using the quantum hydrodynamic equations for the condensate in (9) (neglecting δΓ12 and δn˜), one can write (79)
in terms of the density fluctuations δnc in the undamped solution. It is then straightforward to show that (79) is
equivalent to the damping in Eq. (21) of Ref. [15].
We have numerically evaluated (77) to find the damping of the collective modes. In Fig. 4, we plot the temperature
dependence of the damping rates. It turns out that the lowest-order formula for Γc given in (78) gives a good
approximation for the full expression in (77). This means that the collisional damping of the condensate mode is
almost entirely due to the C12 collisional exchange with the static thermal cloud, as first discussed in Ref. [15],
with little contribution from the C22 collision term in (23). Since the viscous relaxation only involves noncondensate
fluctuations, they only affect the condensate motion through the HF mean field 2gn˜. Thus the contribution of τ3 to
the condensate damping Γc is of second order in ∆i, which is a small correction.
In contrast, the damping of the ω± modes is mainly due to the viscous relaxation associated with the τ3 relaxation
time. The increase of Γ± as the temperature decreases near TBEC is due to the increase in the C12 collision rate. This
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clearly indicates that the equilibration of the thermal cloud in a trapped Bose-condensed gas is enhanced by the C12
collisions with the condensate cloud [10]. Above TBEC, one does not have C12 collisions and thus the damping Γ± is
given by (78) without the 1/τ2 term, while the τ3 relaxation time now only involves the contribution from the C22
collisions [2].
The damping of the condensate mode we have found is much smaller than the magnitude observed in the Oxford
experiments [3]. This is because the present moment analysis does not include Landau damping of the condensate
mode. Landau damping is due to the mean-field coupling of the condensate oscillations to a continuum of noncon-
densate excitations [16]. In our moment calculation, we truncate the HF mean field coupling using a simple ansatz
for the noncondensate fluctuations, as given in (26). This simple form describes the coherent motion of the thermal
cloud, but completely neglects the effect from incoherent single-particle excitations which are responsible for Landau
damping. Recently, Jackson and Zaremba [5] discussed the scissors mode at finite temperatures using a direct Monte-
Carlo simulation of the ZNG semi-classical kinetic equation. They found that for the same parameters used in the
present study, Landau damping is the main contribution to the damping of the condensate mode at all temperatures
(see also Ref. [15]). Moreover, in Ref. [5], the C22 collisions appear to mainly influence the damping by relaxing the
system towards equilibrium and hence allowing the Landau mechanism to be more effective. The C12 contribution
to the damping of the condensate mode in Ref. [5] is essentially in agreement with our results for the C12 collisional
damping rate in Fig. 5. We note that the C12 collisional damping of the condensate mode will increase in importance
with the total number of atoms in the trapped gas.
We also note that the numerical results in Ref. [5] find an increase of the damping of the noncondensate modes with
decreasing temperature. This is in contrast to our result for the collisional damping rate Γ± shown in Fig. 5. The large
damping in the noncondensate modes found in Ref. [5] at low temperatures is presumably due to the anharmonicity
in the effective potential U0(r) for the noncondensate, arising from the large condensate mean field 2gnc0(r) [17].
This effect is not included in our moment calculation because of our simple ansatz for the noncondensate fluctuations,
given in (26).
VI. CONCLUSIONS
In this paper, we have used the ZNG kinetic theory [4] to study the scissors mode in a trapped Bose-condensed
gas at finite temperatures. We derived three coupled moment equations starting from a generalized GP equation for
the condensate and a semi-classical kinetic equation for the noncondensate. Our coupled moment equations are the
natural extension to finite temperatures of a similar calculation carried out in Ref. [2] for T = 0 and T > TBEC.
We solved our coupled moment equations to find normal mode solutions. These solutions were used to calculate the
quadrupole response function and the moment of inertia, using the exact frequency moment sum rule formulas derived
by Zambelli and Stringari [7]. It was shown that the moment of inertia is given by a simple expression in (67), sum of
the irrotational value of the condensate component and the rotational value of the noncondensate component. This
result clearly shows that the linear response of an trapped Bose gas at finite temperatures involves the irrotational
motion of the condensate component as well as the rotational motion of the noncondensate component.
We also evaluated the collisional damping for both the condensate and noncondensate oscillations. Our analysis
naturally led to three collision times: (1)τ1 is the relaxation time of the condensate due to C12 collisions. (2)τ2 is the
relaxation time of the noncondensate due to C12 collisions. (3)τ3 is the relaxation time of the noncondensate similar
to that involved in the shear viscosity transport coefficient [10], which has a contribution from both C12 and C22
collisions. We found that the noncondensate oscillations were damped mainly by a viscous-type relaxation (1/τ3),
while the condensate damping was dominated by the collisional exchange due to C12 collisions (1/τ1). If we neglect the
dynamical mean-field coupling between the condensate and the noncondensate, one obtains an explicit expression for
the condensate damping, which is identical to that given in Ref. [15] assuming a static noncondensate. We find that
this simple static thermal cloud approximation provides a quantitatively good approximation for the C12 collisional
damping of the condensate mode.
However, our present discussion does not explain the damping observed in the Oxford experiments [3]. As discussed
in Section V, this is because a truncated moment calculation such as ours cannot easily deal with the mechanism of
Landau damping, which is the dominant contribution to the collective mode damping in the collisionless or mean-field
regime [5,15,16]. In order to incorporate Landau damping in the moment method, one will have to solve the exact set
of moment equations (17a) - (17f) including the incoherent motion of the thermal cloud. Our simple ansatz in (26)
only describes the coherent thermal cloud dynamics.
In spite of the limitations mentioned above, the moment method developed in this paper is very useful in under-
standing the detailed dynamics of a trapped Bose-condensed gas at finite temperatures. It provides an explicit physical
picture of the coupled motions of the condensate and noncondensate components involved in the three scissors modes.
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Our work was inspired by, and complements, the recent numerical work of Jackson and Zaremba [5] on the scissors
mode. Our more analytical theory is essentially consistent with the results given in Ref. [5], apart from missing the
Landau damping. Our method can be easily extended to study other collective modes, such as the monopole mode
and the quadrupole modes [18], as well as to study the effect of a rotating thermal cloud at finite temperatures in
vortex nucleation [13].
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FIG. 1. Calculated temperature dependence of three scissors-mode frequencies for N = 5×104 87Rb atoms in an anisotropic
trap with ωx = ωz = 126Hz and ωy =
√
8ωx [1,3]. The frequency is renormalized by ω0 = [(ω
2
x+ω
2
y)/2]
1/2 and the temperature
is renormalized by the ideal gas transition temperature T 0c ≡ (h¯ω¯/kB)[N/g3(1)]1/3. The actual transition temperature is
TBEC ≃ 0.93T 0c .
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FIG. 2. Temperature dependence of the rotation angles θ of the two components associated with (a) ωc mode, (b) ω+ mode,
and (c) ω
−
mode.
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FIG. 3. Temperature dependence of coefficients Ai and Bi in (58) and (59) for coupled scissors-mode oscillations induced by
the sudden rotation of the trap potential. Panel (a) is a plot of the condensate rotation angle (Ai) and panel (b) is a plot of
the noncondensate angle (Bi), as defined in (58).
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FIG. 4. Temperature dependence of the moment of inertia Θ in (67), normalized to Θrigid defined by (64). We also plot the
irrotational condensate component Θc = ǫ
2Θc,rigid and the rotational noncondensate component Θn = Θn,rigid, where Θc,rigid
and Θn,rigid are defined in (30).
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FIG. 5. Temperature dependence of the collisional damping rates associated with three scissors-mode frequencies given by
(77). As discussed in the text, Landau damping is not included.
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